Intrinsic Moment of Inertia of Membranes as bounds for the mass gap of
  Yang-Mills Theories by del Moral, M. P. Garcia et al.
ar
X
iv
:h
ep
-th
/0
60
72
34
v2
  7
 N
ov
 2
00
6
INTRINSIC MOMENT OF INERTIA OF MEMBRANES AS
BOUNDS FOR THE MASS GAP OF YANG-MILLS THEORIES.
M.P. GARCIA DEL MORAL
1
, L. NAVARRO
2
, A. J. PÉREZ A.
3
AND A. RESTUCCIA
4
Abstrat. We obtain the preise ondition on the potentials of Yang-Mills
theories in 0 + 1 dimensions and D0 brane quantum mehanis ensuring the
disretness of the spetrum. It is given in terms of a moment of inertia of the
membrane. From it we obtain a bound for the mass gap of any D + 1 Yang-
Mills theory in the slow-mode regime. In partiular we analyze the physial
ase D = 3. The quantum mehanial behavior of the theories, onerning its
spetrum, is determined by harmoni osillators with frequenies given by the
inertial tensor of the membrane. We nd a lass of quantum mehani potential
polynomials of any degree, with lassial instabilities that at quantum level
have purely disrete spetrum.
1. Introdution
The haraterization of the disretness of bosoni potentials in quantum mehan-
is represents a very hallenging problem by itself and in relation to matrix model
regularizations of eld theories and to dimensional redution of Yang-Mills to 0+1
dimensions. It would provide information about the spetrum of quantum non-
abelian gauge theories, as well as theories ontaining gravity (bosoni membrane of
M-theory).
The potential of the 2-brane theories is quarti on the elds and exatly the
same, after a SU(N) regularization, to the dimensional redution of Yang-Mills
theories to 1 dimension (time). The potential in terms of the membrane elds
has valleys extending to innity along the diretions of zero potential. There are
ongurations, whih have been alled string-like spikes [1, 2℄ in the ontext of
D = 11 supermembrane theory, for whih the energy is zero. They an be attahed
to the membrane and even onnet two membranes without any hange in the
energy of the system. Those ongurations orrespond from the Yang-Mills point
of view to gauge elds valued on abelian subalgebras of SU(N), in partiular on
the Cartan subalgebra. A toy model for these lass of potentials was rst studied
in [3℄ and then extended to a toy model of the D = 11 supersymmetri membrane
in [1℄. The potentials are lassially unstable, quantum mehanially stable and
its supersymmetri extension quantum unstable. Although the bosoni potential
presents at diretions extending to innity the walls of the valleys beome narrower
as we move to innity in a way that the wave funtion annot esape to innity. A
proof of disretness of the spetrum of the SU(N) regularized hamiltonian of the
Date: May 15, 2018.
1
2 M.P. GARCIA DEL MORAL, L. NAVARRO, A. J. PÉREZ A. AND A. RESTUCCIA
bosoni membrane was presented in [4℄, where a bound
(1) 〈Ψ, HΨ〉 ≥ 〈Ψ, λΨ〉
in terms of a funtion λ(x), with λ(x) → ∞ as ‖x‖ → ∞ was obtained. It is
a suient ondition for the disretness of the spetrum. However in order to
understand the exat property of the membrane, and, as a onsequene of Yang-
Mills, ensuring the disretness of the spetrum one should look for a neessary and
suient ondition. That ondition was disovered by A.M. Molhanov, [5℄ and
reently extended by Maz'ya and Shubin [6℄, and makes use of the mean value, in
the sense of Molhanov, of the potential on an n-dimensional ube. If the mean
value goes to innity at large distanes in onguration spae the spetrum is
disrete, otherwise is ontinuous. We onsider the Molhanov ondition for the
membrane potential. By performing the expliit alulation we obtain that at large
distanes in the diretion of the valleys, the mean value of the potential behaves as
an harmoni osillator with frequenies determined by a moment of inertia of the
membrane. There is a inertial tensor assoiated to the potential of the membrane,
or equivalently of the D0 mehanis, whih is stritly positive. One may interpret
the mean value of the potential as a rotational energy of D0 branes.
This is the preise property ensuring the disretness of the membrane and of
Yang-Mills in 0 + 1 dimensions. This approximation for Yang-Mills desribe the
spetrum of the theory when only the modes with zero momenta but non-zero
energy are kept. This regime has been thought to ontain relevant information of
the IR phase of the theory in whih the gluons are expeted to be onned forming
bound states alled glueballs.
We then obtain bounds for the Yang-Mills hamiltonian in terms of the moment
of inertia of the membrane. The hamiltonian bound implies that the resolvent of
the Shrödinger operator is ompat. It also provide a bound for the mass gap. The
same results are proven for the Yang-Mills theories in the slow mode regime and
give an strong indiation that the omplete Yang-Mills theories in D-dimensions
have a mass gap.
The interesting properties of the membrane and Yang-Mills potentials are also
present in more general potentials, of higher degree than four. We disuss a lass of
these potentials in setion 3, in partiular they are related to the D = 11 5-brane
potential. We prove disretness of these lass of potentials.
The paper is organized as follows: In setion 2 some preliminary results are
presented. In setion 3 we obtain a lass of potentials for whih the spetrum of
the Shrödinger operator is disrete, extending previous results. In setion 4 we
introdue the moment of inertia of the membrane In setion 5 we obtain a lower
bound to the hamiltonian in terms of it. In setion 6. the disretness of the Yang-
Mills hamiltonian in the slow mode regime is proved. In setion 7 we present the
onlusions.
2. Preliminary Results
In 1953 A. M. Molhanov (see [5℄) proved that in dimension n = 1, the disretness
of the spetrum of the Shrödinger operator −∆ + V in L2(Rn) with a loally
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integrable and semi-bounded below potential V is equivalent to
For every xed d > 0
∫
Qd
V (x) dx→∞ as Qd →∞
where Qd is an open ube with the edges parallel to oordinate axes and of edge
length d and Qd →∞ means that the distane from Qd to 0 goes to innity. In the
same paper Molhanov showed that this ondition is not suient for dimension
n ≥ 2, his ounter-example is based on theorem 2.1 of his paper:
The spetrum of the Shrödinger operator −∆+ V is not disret
if and only if there exist a onstant C > 0 and a sequene of
disjoint ubes {Qk}∞k=1 with the same edge length suh that for
all k = 1, 2, . . .
λ(Qk) = inf
∫
Qk
(|∇ψ(x)|2 + V (x)|ψ(x)|2) dx < C
where the inmum is taken over all the funtions ψ suh that
ψ|∂Qk = 0 and
∫
Qk
|ψ(x)|2 dx = 1.
After, Molhanov stated and proved a modied neesary an suient ondition for
the disretness of the spetrum of Shrödinger operators for n ≥ 2, whih involve
the lass of negligible ompat subsets of the ube. We will only state the V.
Maz'ya and M. Shubin's generalization (see [6℄). Before we state this theorem, let
us remember the following denition of apaity. For the details and the full-general
version of the theorem see [6℄.
Denition 1. Let n ≥ 3, F ⊂ Rn be ompat, and Lipc(Rn) the set of all real-
value funtions with ompat support satisfying a uniform Lipshitz ondition in
R
n
. Then the Wiener's apaity of F is dened by
cap(F ) = cap
Rn
(F ) = inf
{∫
Rn
|∇u(x)|2 dx
∣∣∣ u ∈ Lipc(Rn), u|F = 1}
In physial terms the apaity of the set F ⊂ Rn is dened as the eletrostati
energy over R
n
when the eletrostati potential is set to 1 on F .
Denition 2. Let Gd ⊂ Rn be an open, bounded and star-shaped set of diameter
d, let γ ∈ (0, 1). The negligibility lass Nγ(Gd;Rn) onsists of all ompat sets
F ⊂ Gd satisfying cap(F ) ≤ γ cap(Gd).
Balls and ubes in R
n
are useful examples of suh Gd. In what follows we denote
the ball of diameter d and enter x by Bd(x) and the n−dimensional Lebesgue
measure by Vol(·).
Theorem 1 (Maz'ya and Shubin). Let V ∈ L1
lo
(Rn), V ≥ 0.
Neessity: If the spetrum of −∆+V in L2(Rn) is disrete then for every funtion
γ : (0,+∞)→ (0, 1) and every d > 0
(2) inf
F∈Nγ(Gd;Rn)
∫
Gd\F
V (x) dx→ +∞ as Gd →∞.
Suieny: Let a funtion d 7→ γ(d) ∈ (0, 1) be dened for d > 0 in a neighbor-
hood of 0 and satisfying
lim sup
d↓0
d−2γ(d) = +∞.
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Assume that there exists d0 > 0 suh that (2) holds for every d ∈ (0, d0). Then
the spetrum of −∆+ V in L2(Rn) is disrete.
Remark 2. It follows from the previous theorem that a neessary ondition for the
disreteness of spetrum of −∆+ V is
(3)
∫
Gd
V (x) dx→∞ as Gd →∞.
Let's reall that in 1934, K. Friedrihs (see [6℄ for further referenes) proved
that the spetrum of the Shrödinger operator −∆ + V in L2(Rn) with a loally
integrable potential V is disrete provided V (x)→∞ as |x| → ∞.
Remark 3. The presene of negligibility sets F in the formulation of the Maz'ya
and Shubin's theorem is related to the rst term in the expression of λ(Qk). In fat
this term desribes also an eletrostati energy, when Ψ = 1 on F ⊂ Q the energy
is minimized by the harmoni solution to the orresponding Dirihlet problem. The
energy of the harmoni solution denes the apaity of the apaitor [F,Q] while
the apaity of F is the apaity of the apaitor [F,∞].
The following lemma is very usefull tool in the next setions.
Lemma 4. For eah given Gd = Gd(x0),
cd := inf
F∈Nγ (Gd;Rn)
Vol(Gd \ F ) > 0.
Proof. Let V (x) = |x|. Then by Friedrihs theorem the spetrum of −∆ + V is
disrete, so by theorem 1 we have
inf
F∈Nγ(Gd;Rn)
∫
Gd\F
V (x) dx→∞ as |x0| → ∞.
Now
∫
Gd\F
V (x) dx ≤ (|x0|+ d)Vol(Gd \ F ) implies that
inf
F∈Nγ(Gd;Rn)
∫
Gd\F
V (x) dx ≤ (|x0|+ d) inf
F∈Nγ (Gd;Rn)
Vol(Gd \ F ),
from whih follows that infF∈Nγ(Gd;Rn)Vol(Gd \ F ) > 0, as we laimed. 
3. Some potentials for whih the spetrum of its Shrödinger
operator is disrete
In this setion we use the suieny onditions for the disreteness of spetrum
provided by theorem 1.
Theorem 5. Let V ≥ 0, V ∈ L1
lo
(Rn) and cd as in lemma 4. Suppose that there
is some d0 > 0 suh that for all d ∈ (0, d0), there exists an open neighborhood Ωd
of V −1(0) with the following properties:
(i) In R
n \ Ωd, V (x)→∞ as |x| → ∞.
(ii) Vol(Bd ∩Ωd) < cd2 for every ball Bd(x0) with |x0| >> d0.
Then the spetrum of the Shrödinger operator −∆+ V in L2(Rn) is disrete.
Proof. Let Gd = Bd(x0) with d ∈ (0, d0) xed. Let F ∈ Nγ(Gd;Rn) and E =
(Gd \ F ) \ (Gd ∩ Ωd). Notie that E ⊂ Rn \ Ωd. By ondition (i) for eah M > 0,
there exists R > 0 suh that
If x ∈ Rn \ Gd and |x| > R, then V (x) > M.
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In this way, if |x0| − d > R then |x| > R for all x ∈ Gd, and as V ≥ 0 we have∫
Gd\F
V (x) dx ≥
∫
E
V (x) dx ≥M Vol(E) ≥M
(
Vol(Gd \ F )− cd
2
)
and by the lemma 4
inf
F∈Nγ(Gd;Rn)
∫
Gd\F
V (x) dx ≥M cd
2
if |x0| > R+ d.
This together with theorem 1 implies that the spetrum of −∆+V is disrete. 
Now, let us apply the previous theorem.
Proposition 6. Let V (x) =
n∏
k=1
|xk|αk , where αk > 0 for all k = 1, 2, . . . , n. Then
the spetrum of the Shrödinger operator −∆+ V in L2(Rn) is disrete.
Proof. Let d0 =
n2n
ωn
, where ωn denotes the area of the unit ball, and let d ∈ (0, d0)
xed. Consider Uk = {x ∈ Rn | |xk| < ǫd}, where 0 < ǫd < 1 will be determined
below. Let Ωd = ∪nk=1Uk. Then V −1(0) ⊂ Ωd.
(a) In R
n \ Ωd, V (x)→∞ as |x| → ∞:
First, x ∈ Rn \ Ωd implies |xk| ≥ ǫd for all k = 1, 2, . . . , n.
Let |xj | = max
k=1,...,n
|xk|, αM = max
k=1,...,n
αk and αm = min
k=1,...,n
αk. Then,
denoting |α| = α1 + · · ·+ αn we have
V (x) =
n∏
k=1
|xk|αk ≥ ǫ|α|−αjd
(
max
k=1,...,n
|xk|
)αj
≥ ǫ|α|−αmd
( |x|√
n
)αj
.
Thus, for |x| > 1 we have
V (x) ≥ ǫ
|α|−αm
d
(
√
n)αM
|x|αm ,
from whih follows that V (x)→∞ as |x| → ∞.
(b) Vol(Bd ∩Ωd) < cd2 for every ball Bd(x0) with |x0| >> d0:
For |x0| large enough, if Bd(x0) ∩ Ωd 6= ∅ then Bd(x0) ∩ Uk 6= ∅ for only
one k ∈ {1, 2, . . . , n}, namely k = j. In onsequene,
Bd(x0) ∩ Ωd ⊂ {x ∈ Rn | |xj | < ǫd, |xk − x0j | < d, k = 1, . . . , j − 1, j + 1, . . . , n},
from whih follows that Vol(Bd(x0) ∩ Ωd) ≤ 2nǫddn−1 and this, in turn,
implies what we wanted to prove if we hoose
(4) ǫd <
cd
2ndn−1
.
Thus, by the previous theorem we onlude that the spetrum of −∆ + V is
disrete. 
Remark 7. Given that cd ≤ ωndnn then inequality (4) implies that ǫd < ωnd2nn , whih
tends to zero as d→ 0 and also ǫd < ωnd2nn < ωnd02nn = ωn2nn n2
n
ωn
= 1.
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4. Moment of Inertia and Disretness of the potential for membrane
theories
The matrix regularization of the bosoni membrane in the light one gauge was
done long time ago by [7, 11, 2, 8℄. It onsists in expanding the bosoni elds Xm
in an orthonormal basis ZA(σ), dened on the Riemann surfae Σ,
(5) Xm = X
A
m(τ)ZA(σ).
The struture onstants arising from the sympleti braket on Σ, gCAB, are those
of the innite group of area preserving dieomorphisms.
The idea of matrix regularization is to integrate the dependene on the spatial
oordinates and to regularize this model by an SU(N) one, in suh a way that we
end up with a theory of quantum mehanis of matries, whose struture onstants
fCAB onverge in the large N limit to the original ones g
C
AB, reovering the original
symmetries in the large N limit. This limit is in general not rigorously known,
and a disussion on it will be presented in a separate paper [12℄. In this paper we
are only onerned with the theory at nite N . The potential assoiated to the
membrane is desribed by
(6) V = (Y AmY
B
n f
C
AB)
2,
where Ym, m = 1, .., d, denote the transverse diretion to the light one oordinates
Y +Y −. A,B,C denote SU(N) indies and the struture onstants,
(7) fCAB = −2iN sin
(
A ∧B
N
π
)
δCA+B,
A = (a1, a2) a1, a2 = 1, .., N − 1 modulo N and with |m|+ |n| 6= 0. The struture
onstants in the large N limit are proportional to the struture onstants of the
area preserving dieomorphisms, the residual gauge symmetry of the membranes
in the light one gauge. The large N limit is dened by taking indies A,B on a
xed set Λ and taking N →∞. We are interested in the evaluation of
inf
F∈Nγ(Gd;Rn)
∫
Gd\F
V,
where Gd is the star-shaped set and F the negligible set satisfying capF ≤ γ capGd
dened in setion 1, as the distane of Gd, to a xed point in Rngoes to innity.
V satisfy the assumptions of theorem 1. The integration is performed with the
Lebesgue measure dY . We introdue for a given F ∈ Nγ(Gd;Rn), the enter of
mass of the volume Gd \ F by
(8)
∫
Gd F
Y Am dY = X
A
mVol(G/F ).
We deompose,
(9) Y Am = X
A
m + x
A
m,
with
(10)
∫
Gd\F
xAmdY =
∫
[Gd\F ]0
xAmdx = 0
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where [Gd \ F ]0 denote the set with its enter of mass at the origin of oordinates.
We then have
(11) V (Y ) =
∑
m
(XAm + x
A
m)D
m
AB(X
B
m + x
B
m),
where
DmAB ≡
∑
n6=m
(XCn + x
C
n )(X
D
n + x
D
n )f
E
BCf
E
AD =(12)
= 4N2
∑
n6=m
(XCn + x
C
n )(X
D
n + x
D
n ) sin
(
B ∧ C
N
π
)
sin
(
A ∧D
N
π
)
δA+CB+D,
and
(13) V (Y ) =
∑
m
[(X
A
mD
m
ABX
B
m +O(Xm)].
Here lim‖Xm‖→∞
O(Xm)
Xm
= 0 assuming the other oordinates of the enter of mass
bounded. We will onsider rst the ase when only one Xm tends to innity, namely
Xm0 →∞, while all the others Xm,m 6= m0 remain bounded. We get
∫
Gd\F
V (Y )dY =
∫
[Gd\F ]0
V (X + x)dx =
∑
m
[
(X
A
m)
(∫
[Gd F ]0
DmABdx
)
XBm +O(Xm)
]
=
(14)
=
∑
m
X
A
m
ImAB + 4N2 ∑
n6=m
XCn X
D
n sin
(
A ∧C
N
π
)
sin
(
B ∧D
N
π
)
δA+CB+D Vol(Gd F )
XBm
+O(Xm),
where
I
m
AB =
∑
n6=m
4N2
∫
[Gd\F ]0
xCn x
D
n sin
(
A ∧ C
N
π
)
sin
(
B ∧Dπ
N
)
δB+CA+D dx(15)
is an intrinsi inertial tensor of the membrane assoiated to the distribution [Gd\F ]0.
I
m
AB is a self-adjoint positive matrix. The diagonal terms are
I
m
AA = 4N
2
∫
[Gd\F ]0
∑
n6=m
xCn x
C
n sin
2
(
A ∧ C
N
π
)
dx.(16)
Its trae is
tr Im =
∑
A
I
m
AA = 2N
4
∫
[Gd\F ]0
∑
n6=m
xCn x
C
n dx.(17)
This is the moment of inertia of the mass distribution Gd \ F with respet to the
subspae generated by XAm. The seond term in equation (14) is quarti on the
enter of mass oordinates. Its ontribution to the integral of the potential is the
value of the potential at the enter of mass times the volume of the Gd \ F ,
(XAmX
C
n f
E
AC)
2Vol(Gd \ F ).(18)
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This term beomes zero when we take the enter of mass at the bottom of the
valleys, in the diretions where V is zero. We then onlude that along these
diretions where the potential is zero we obtain,
lim
‖Xm0‖→∞
(
inf
F∈Nγ(Gd;Rn)
∫
Gd\F
V dx
)
= lim
‖Xm0‖→∞
(
inf
F∈Nγ(Gd;Rn)
X
A
m0I
m0
ABX
B
m0
)(19)
=
(
lim
‖Xm0‖→∞
‖Xm0‖2
)
inf
F∈Nγ(Gd;Rn)
(
X
A
m0
‖Xm0‖
I
m0
AB
XBm0
‖Xm0‖
)
,
and we notie that
inf
F∈Nγ (Gd;Rn)
(
X
A
m0
‖Xm0‖
I
m0
AB
XBm0
‖Xm0‖
)
≥ inf
F∈Nγ(Gd;Rn)
λF ,
where λF is the minimum eigenvalue of I
m0
AB. It may be shown by expliit alula-
tions and using lemma 4 that the inmum of the right hand side of last inequality
is greather than 0. One may also obtain that onlusion in an indiret way from
theorem 1. In fat we know from an independent argument (see next setion or
[4℄), that the spetrum of the Shrödinger operator we are onsidering is disrete
with nite multipliity. Aording to theorem 1, the left hand member of equation
(19) must then go to innity when ‖Xm0‖ → ∞, hene it is neesary that
inf
F∈Nγ (Gd;Rn)
λF > 0.
If the enter of mass goes to innity in more than one diretionXm, m = 1, . . . , d,
(19) remains valid. The inertial tensor has now an additional index I
mn
AB where
m,n = 1, . . . , d. And it is a stritly positive self adjoint matrix, the diagonal terms
have the same expression (16). The orresponding equality (19) holds when the
enter of mass of Gd \F is loated on the diretions where the potential is zero. In
other diretions where the potential does not vanish the left hand side of (19) is
greater or equal to the quadrati right hand side of (19).
We remark that this relation is the most preise one an obtain for the quantum
Shrödinger operator, sine the ondition of the theorem in setion 1 is a nees-
sary and suient ondition. The mean value, in the sense of Molhanov, of the
membrane potential is bounded by the mean value of an harmoni osillator at
large distanes in the onguration spae and it is equal to it at the diretions of
zero potential. This bound implies, using Maz'ya and Shubin's theorem, that the
orresponding Shrödinger operator is disrete with nite multipliity.
5. Bounds for the Hamiltonian
We present in this setion a bound for the hamiltonian of the regularized bosoni
M2 brane in terms of the integrand of the moment of inertia we disussed in the
previous setion. It is an independent argument showing the disretness of the spe-
trum and providing bounds to all the eigenvalues of the membrane. It represents a
generalization of the proof given in [3℄.
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Hereafter we use the notation xAm instead of Y
A
m for the onguration variables.
We re-arrange the potential of the M2 brane in the form
V (x) =
d∑
m
xAmx
B
mM
m
AB(20)
where
MmAB =
∑
n6=m
fCAEx
E
n f
C
BDx
D
n(21)
is a positive hermitian matrix. Then, the hamiltonian an be written as,
H = −1
2
∆+
1
2
(−∆+ 2V ),(22)
−∆+ 2V =
∑
m
[
−
(
∂
∂xAm
)2
+ 2xAmx
B
mM
m
AB
]
≥
∑√
2(trMm)1/2,
hene
H ≥ 1
2
(
−∆+
√
2
∑
m
(trMm)1/2
)
.(23)
The omputation for trMm gives
trMm = 2N4
∑
n6=m
xEn x
E
n .(24)
We nally get the operatorial bound,
H ≥ 1
2
−∆+ 2N2∑
m
∑
m 6=n
(xEn x
E
n )
1/2
 ≡ H˜.(25)
The potential V˜ ≡ 2N2∑m(∑m 6=n xEn xEn )1/2, satises the riteria: V˜ → ∞ when
‖x‖ = (∑n xEn xEn )1/2 → ∞ implying that the resolvent of H is ompat, H has a
disrete spetrum with nite multipliity. The formula also provides a bound for
the mass gap of H given by the rst eigenvalue of the operator H˜ .
6. Spetrum of Yang-Mills Theories in the slow-mode regime
In this setion we will onsider the expliit relation between dimensional redued
Yang-Mills theories to 0 + 1 dimensions and the membrane moment of inertia on-
dition ensuring the disretness of the spetrum .
The hamiltonian of Yang-Mills in D+1 spae-time dimensions has the following
hamiltonian
Hym =
∫
Σ2
g2
2
(Πi)2 +
1
4g2
F aijF
a
ij −DiΠaiAai0(26)
where Πai represents the onjugate momenta to Aai . The indies of olor are a =
1, . . . , dimSU(N) = N2 − 1, and i = 1, . . . , D labels the spatial omponents of
gauge elds. The last piee of the Hamiltonian represents the Gauss law:
DiΠai = 0.(27)
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We assume we are in the slow mode regime and all of the fast modes has been
integrated out in suh a way that we deal with an eetive hamiltonian ontaining
gauge elds Ai(t) without spatial dependene. This approximation has been on-
sidered to keep relevant information of the theory in the IR limit where the gluons
are supposed to be onned forming glueballs bound states. The hamiltonian has
then the expression,
Hredym = tr
[
g2Vm
2
(Πi)2 +
Vm
4g2
(fabcAbiA
c
j)
2 − [Ai,Πi]aAia0
]
(t).(28)
In order to make omparison with the hamiltonian of the preeding setions we
redene the elds in terms of dimensionless ones. Following [10℄ we take,
Ai → g
1/3
V
1/3
m
Ai, P
i → 1
g2/3V
2/3
i
Pi.(29)
The hamiltonian an be re-written as,
Hredym =
g2/3
V
1/3
m
tr
[
1
2
(Πi)2 +
1
4
(fabcAbiA
c
j)
2 − [Ai,Πi]aAia0
]
(t) =
g2/3
V
1/3
m
H.(30)
The mass operator of the regularized bosoni membrane also in terms of dimen-
sionless variables an be written as,
M2
2
= T 2/3 tr
[
1
2
(Πi)2 +
1
4
(fabcAbiA
c
j)
2 − [Ai,Πi]aAia0
]
(t) = T 2/3H.(31)
This means that the two theories are equivalent and the disretness of Yang-Mills
in the slow mode regime is related to the existene of a tensor of moment of inertia
of the membrane. We interpret it as an strong evidene that the onguration
spae for Yang-Mills theories in the large N limit is ompat. The disretness
ondition then is realized as a ondition of "rotational energy" of D0 branes in the
onguration spae of the bosoni membrane.
6.1. Mass Gap and analyti eigenvalues distribution. An interesting prob-
lem is to estimate the mass gap of the theory for a partiular value of N . We have
from the previous setion
H ≥ 1
2
−∆+ 2N2∑
m
∑
m 6=n
(xEn x
E
n )
1/2
 ≡ H˜.(32)
Let us now onsider, as an example, the ase of SU(3) in D = 3 + 1 sine it
is the gauge group realized in the nature. The number of degrees of freedom one
the gauge xing ondition has been taken into aount is d = 2, A = 1, . . . , 8, and
N = 3. H˜ is bounded from below by the following hamiltonian
H1 = −∆+ 2N2(XIXI)1/2 I, J = 1, . . . 16(33)
The eigenfuntions ofH1 are expressed in terms of Bessel funtions. The eigenvalues
of H1 are lower bounds, one by one, of the eigenvalues of H . That is, SU(3) Yang-
Mills in the slow-mode regime in 3 + 1 dimensions has a disrete spetrum and its
eigenvalues and mass gap are bounded by those of
g2/3
V
1/3
m
H1.
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7. Conlusions
We showed that the most preise ondition ensuring the disretness of the spe-
trum of the membrane theories and Yang-Mills in the slow mode regime, is given
in terms of an intrinsi moment of inertia of the membrane. It may be interpreted
as if the membrane, or equivalently the D0 branes desribing it, have a rotational
energy. It is a quantum mehanial eet. The ondition is obtained from the
Molhanov, Maz'ya and Shubin neessary and suient ondition on the potential
of a Shrödinger operator to have a disrete spetrum. The riteria is expressed
not in terms of the behaviour of the potentials at eah point, but by a mean value,
on the onguration spae. The mean value in the sense of Molhanov onsid-
ers the integral of the potential on a nite region of onguration spae. It an
be naturally assoiated to a disretization of onguration spae in the quantum
theory. We found that the mean value in the diretion of the valleys where the
potential is zero, at large distanes in the onguration spae, is the same as a har-
moni osillator with frequenies given by the tensor of inertia of the membrane.
The interesting feature is that all previously known bounds for the membrane and
Yang-Mills potential were linear on the onguration variables, while our bound is
quadrati on the onguration variables. The bounds we obtained should also be
relevant on the analysis of the spetrum of wrapped supermembrane with nontrivial
entral harges ([13℄,[14℄,[15℄,[16℄).
We also obtained bounds, based on the moment of inertia for the hamiltonian of
Yang-Mills theories in the slow mode regime whih allows to obtain interpretation
about the mass gap of the theory. In partiular a bound for SU(3) in 3+ 1 dimen-
sions is given by a hamiltonian whose spetrum and eigenvalues are known, and its
eigenfuntions are expressed in terms of Bessel funtions.
In setion 3 we obtained a lass of potentials, of any degree in the onguration
oordinates, presenting the same valley properties of the quarti potentials disussed
in setion 4, 5 and 6. In partiular, one of them has similarities with the potential
for the 5-brane in D = 11. We proved that the assoiated Shrödinger operator has
disrete spetrum, with nite multipliity.
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